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9*** 4DVPMB &TUJWB EJ 'JTJDB � $PSTP EJ 1ZUPO
QFS MB 'JTJDB
-VJHJ 1BMBUFMMB

��� *OUSPEV[JPOF HFOFSBMF BMMF TJNVMB[JPOJ
OVNFSJDIF

*O RVFTUP DBQJUPMP USB॒FSFNP JM NPUP EFJ QSPJF॒JMJ DPO F TFO[B SFTJ�
TUFO[B EFMM۝BSJB� 1PSSFNP MF CBTJ JOUVJUJWF TV DPNF USBTGPSNBSF MF
FRVB[JPOJ EFM NPUP JO GPSNVMF JUFSBUJWF HFTUJCJMJ EB VO BMHPSJUNP
JNQMFNFOUBCJMF BM DPNQVUFS�

5V॒J HMJ TUVEFOUJ EJ ੗TJDB
 DPO HJPJB P EPMPSF
 QSJNB P QPJ B੖SPOUBOP
RVFTUP QSPCMFNB DMBTTJDP� *O SFBMU  RVFTUP ۡDMBTTJDPۡ EFMMB EJEB॒JDB
EFMMB ੗TJDB TJ TDFHMJF QFS VOB NPUJWB[JPOF NPMUP TFNQMJDF� M۝FRVB[JP�
OF EFM NPUP ¨ TJDVSBNFOUF MB QJ¹ TFNQMJDF DIF OPO TJB CBOBMNFOUF
VOJEJNFOTJPOBMF� *O TPTUBO[B BCCJBNP VO NPUP JO EVF EJNFOTJPOJ
JO DVJ M۝BDDFMFSB[JPOF ¨ DPTUBOUF F EJSF॒B MVOHP M۝BTTF WFSUJDBMF 	JO
HFOFSF BTTF y
 WFSTP JM CBTTP� 4DSJWJBNP MF FRVB[JPOJ EFM NPUP JO
NBOJFSB WF॒PSJBMF

a⃗ = −gŷ 	���


EPWF ŷ ¨ JM WFSTPSF WFSUJDBMF MVOHP MB y� 1PTTJBNP TDSJWFSF M۝F�
RVB[JPOF QFS DPNQPOFOUJ
 DPNF GPSTF ¨ QJ¹ DPNVOF OFJ MJCSJ
TDPMBTUJDJ ⎧

⎪⎨

⎪⎩

ax = 0

ay = −g
	���


0SB TJBNP EJ GSPOUF BE VO QBTTBHHJP GPOEBNFOUBMF OFDFTTBSJP QFS
USBEVSSF MF FRVB[JPOJ EJ੖FSFO[JBMJ 	PWWFSP MF FRVB[JPOJ EFM NPUP
 JO
GPSNVMF VUJMJ[[BCJMJ EB VO DPNQVUFS� $IF DPTB WVPM EJSF BDDFMFSB�
[JPOF JTUBOUBOFB %BMMB NBUFNBUJDB TBQQJBNP DIF TJ USB॒B EJ VOB

�



� ࡠ࡝ࡠࡥ࡚ࡡࡒ$ � ࡝* ࡠࡥࡠ࡞ ࡚ࡖࡕ ࡚࡝࡚ࡥࡥࡖ࡚ࡠࡣࡡ

EF੗OJ[JPOF DIF VUMJ[[B JM DPODF॒P EJ MJNJUF� *O GPSNVMF

ay = lim
∆t→0

vy(t + ∆t)− vy(t)
∆t

. 	���


0WWJBNFOUF MB TUFTTB SFMB[JPOF D۝¨ GSB QPTJ[JPOF F WFMPDJU 

vy = lim
∆t→0

y(t + ∆t)− y(t)
∆t

. 	���


1FS EBSF JM WJB BJ OPTUSJ FTQFSJNFOUJ EJ DBMDPMP OVNFSJDP EPCCJBNP
GBSF VO QBTTP JOEJFUSP
 EJNFOUJDBSF JM DPODF॒P EJ MJNJUF F SFOEFSF
∆t QJDDPMP 	F DPTB WPHMJB EJSF ۡQJDDPMPۡ MP EFUFSNJOFSFNP EJ WPMUB
JO WPMUB
 NB OPO [FSP� " RVFTUP QVOUP MF EVF EF੗OJ[JPOJ EJWFOUBOP
BVUPNBUJDBNFOUF EFMMF MFHHJ E۝FWPMV[JPOF� 1SFOEJBNP MB EF੗OJ[JPOF
EJ WFMPDJU 
 SJTPMWJBNP QFS y(t + ∆t) P॒FOFOEP

y(t + ∆t) = y(t) + vy(t)∆t. 	���


/PUJBNP DPNF
 VOB WPMUB DPOPTDJVUB MB GVO[JPOF vy(t)
 TJ QPTTB DBM�
DPMBSF JM OVPWP WBMPSF EJ Z
 y(t + ∆t)
 JO GVO[JPOF EFM WFDDIJP y(t)�
*M MF॒PSF B॒FOUP QFS² OPUFS  TVCJUP VO QSPCMFNB� 'JODI© TJ F੖F॒VB
M۝PQFSB[JPOF EJ QBTTBHHJP BM MJNJUF MB EF੗OJ[JPOF GVO[JPOB TFO[B BN�
CJHVJU 
 UV॒BWJB TF ∆t OPO ¨ OVMMP JM QSPCMFNB EJWFOUB� JO DIF JTUBOUF
EFWP DBMDPMBSF vy OFMM۝&R�	���
 

6O GBNPTP UFPSFNB EJ BOBMJTJ
 JM UFPSFNB EJ -BHSBOHF
 EJDF DIF FTJTUF
BMNFOP VO WBMPSF ξ ∈ (t, t + ∆t)
 UBMF DIF

y(t + ∆t) = y(t) + vy(ξ)∆t. 	���


0WWJBNFOUF QFS² RVFTUP OPO DJ BJVUB NPMUP
 TF OPJ OPO TBQQJBNP
JM WBMPSF EJ ξ� 4J QV² EJSF DIF M۝FTTFO[B EFM DBMDPMP OVNFSJDP TUB
QSPQSJP OFM DFSDBSF JM NPEP QJ¹ WFMPDF 	JO UFSNJOJ EJ PQFSB[JPOJ
 F
GVSCP QPTTJCJMF QFS P॒FOFSF VO WBMPSF RVBOUP QJ¹ QPTTJCJMF WJDJOP
B vy(ξ)� 1FS PSB QBSUJBNP EBM MJWFMMP CBTF
 VUJMJ[[JBNP JM NFUPEP EJ
&VMFSP
 F QPOJBNP ξ = t� 7FESFNP DIF OPO ¨ TJDVSBNFOUF RVFTUB MB
TDFMUB QJ¹ P॒JNBMF
 QFS²
 BMNFOP B NJP BWWJTP
 ¨ TJDVSBNFOUF MB QJ¹
EJEB॒JDB QFS DPNJODJBSF B DBQJSF RVFMMP DIF WPHMJBNP GBSF�

�
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0SB
 BQQMJDBOEP MP TUFTTP SBHJPOBNFOUP BMM۝FRVB[JPOF QFS MB y F MB v
	FOUSBNCF MF DPNQPOFOUJ
 P॒FOJBNP

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

vx(t + ∆t) = vx(t)
vy(t + ∆t) = vy(t)− g∆t
x(t + ∆t) = x(t) + vx(t)∆t
y(t + ∆t) = y(t) + vy(t)∆t

	���


4JBNP JO TPTUBO[B QSPOUJ B TDSJWFSF JM OPTUSP QSJNP QSPHSBNNB EJ
DBMDPMP OVNFSJDP DIF DBMDPMB MB QPTJ[JPOF EFM QSPJF॒JMF 	JO BTTFO[B
EJ B॒SJUP EFMM۝BSJB
 DPOPTDFOEP MB QPTJ[JPOF F MB WFMPDJU  JOJ[JBMF�

��� *M QSJNP DBTP � QSPJFࣄJMF TFO[B BࣄSJUP

-B TUSV॒VSB EFM QSPHSBNNB ¨ BCCBTUBO[B TFNQMJDF� 1FS QPUFS QPJ
SJVUJMJ[[BSF VO QP۝ EFM DPEJDF DIF TDSJWJBNP DPOWJFOF HJ  EB PSB EF੗�
OJSF VOB GVO[JPOF DIF DBMDPMB M۝BDDFMFSB[JPOF QBSUFOEP EBJ WBMPSJ EJ
x, y, vx
 F vy� 4FNQSF QFS QPUFS SJDJDMBSF JO TFHVJUP EF੗OJBNP TJO EB
PSB J WF॒PSJ DPNF USJEJNFOTJPOBMJ�

&۝ PWWJP DIF JM DBTP EFM QSPJF॒JMF JO FTBNF JO SFBMU  QPUSFCCF FTTFSF
USB॒BUP JO NBOJFSB QJ¹ TFNQMJDF FTTFOEP M۝FTQSFTTJPOF QFS M۝BDDFMF�
SB[JPOF EFM UV॒P CBOBMF� 5V॒BWJB ¨ NFHMJP VUJMJ[[BSF VO GPSNBMJ�
TNP DIF QFSNF॒F EJ SJDJDMBSF RVBOUP QJ¹ QPTTJCJMF JOUFSF QPS[JPOJ EJ
DPEJDF B EJTDBQJUP EFMMB TFNQMJDJU  EFJ DPEJDJ�

4DSJWJBNP RVJOEJ MB GVO[JPOF BDDFMFSB[JPOF�
�%FGJOJBNP M�BDDFMFSB[JPOF

EFG BDD	S
W
�
� TJB S DIF W TPOP EFHMJ BSSBZ �Y�
 SJDPSEJBNP
� DIF JO QZUIPO JM QSJNP FMFNFOUP EJ VO WFUUPSF ¨
� S<�>
 JM TFDPOEP S<�> F JM UFS[P S<�>

B � <�> � � � JOJ[JBMJ[[P VO WFUUPSF OVMMB �Y�

�
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B<�> � �����

SFUVSO B

"MDVOJ DIJBSJNFOUJ TVMMB TJOUBTTJ EFM QZUIPO TPOP PSB OFDFTTBSJ� 1SJ�
NB EJ UV॒P JO QZUIPO HMJ BSSBZ JOJ[JBOP EBMM۝FMFNFOUP ��FTJNP F ੗�
OJTDPOP DPO M۝FMFNFOUP 	O��
�FTJNP� फ़JOEJ OFM WF॒PSF QPTJ[JPOF
r⃗ r[0] TBS  MB DPPSEJOBUB x
 r[1] MB y NFOUSF r[2] MB z� *M DPNBOEP
a = [0] ∗ 3 ¨ VO USVDDP ۠QZUIPOJDPۡ QFS EJDIJBSBSF SBQJEBNFOUF VO
BSSBZ USJEJNFOTJPOBMF JOJ[JBMJ[[BOEP B [FSP J TVPJ FMFNFOUJ� (MJ VMUJ�
NJ EVF DPNBOEJ TPOP BCCBTUBO[B PWWJ
 QPOHP VHVBMF B −g MB DPN�
QPOFOUF y EJ a⃗ F SFTUJUVJTDP JM WF॒PSF BDDFMFSB[JPOF BQQFOB DBMDPMBUP
DPO JM DPNBOEP SFUVSO B�

*M QSPHSBNNB WFSP F QSPQSJP EPWS  JOJ[JBSF BTTFHOBOEP MF DPOEJ[JPOJ
JOJ[JBMJ BM WF॒PSF QPTJ[JPOF r⃗ F WFMPDJU  v⃗� %PQP EJ DIF DPTUSVJBNP
JM DJDMP TVM UFNQP
 DIF ¨ JM OVDMFP QSJODJQBMF EJ PHOJ QSPHSBNNB EJ
RVFTUP UJQP�

S� � <�>��
W� � <�
�
�>
� VO FTFNQJP RVBMVORVF EFM WFUUPSF WFMPDJU  JO[JBMF
U � � �UFNQP JO[JBMF
 � QFS DPOWFO[JPOF
EU � ���� �UJNF TUFQ
 �QJDDPMP��� WFESFNP TF PL
UGJO � �� � UFNQP GJOBMF EFMMB TJNVMB[JPOF

� BTTFHOP MF DPOEJ[JPOJ JOJ[JBMJ DPOTFSWBOEPOF
� J WBMPSJ OFJ WFUUPSJ S� F W�

S � S�
W � W�
XIJMF U � UGJO�

�DBMDPMP JM WFUUPSF BDDFMFSB[JPOF
B � BDD	S
W


S<�> � S<�> � W<�> � EU
S<�> � S<�> � W<�> � EU
S<�> � S<�> � W<�> � EU

W<�> � W<�> � B<�> � EU
W<�> � W<�> � B<�> � EU

�
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W<�> � W<�> � B<�> � EU

U � U � EU �JODSFNFOUP U EJ VO UJNF�TUFQ EU

QSJOU	U
S
W


� GJOF DJDMP TVM UFNQP

$PNF VMUJNB JTUSV[JPOF EFM DJDMP TVM UFNQP WJFOF DIJFTUP BM QSPHSBN�
NB EJ TDSJWFSF JM WBMPSF B॒VBMF EFM UFNQP
 EFMMB QPTJ[JPOF F EFMMB
WFMPDJU �

1SJNB EJ BOBMJ[[BSF M۝PVUQVU EFM QSPHSBNNB ¨ QSPCBCJMNFOUF OF�
DFTTBSJP TQJFHBSF BMDVOJ EF॒BHMJ EFMMB QSPHSBNNB[JPOF� फ़FTUP
QBSBHSBGP QV² FTTFSF TBMUBUP TF JM MF॒PSF ¨ HJ  QSBUJDP EJ VO NJ�
OJNP EJ DPODF॒J EJ QZUIPO P EJ RVBMVORVF BMUSP MJOHVBHHJP EJ
QSPHSBNNB[JPOF�

$PNF QSJNB DPTB BOBMJ[[JBNP M۝JTUSV[JPOF XIJMF�
XIJMF U�UGJO�

�������
U � U � EU

-۝JTUSV[JPOFXIJMF WVPM EJSF FTTFO[JBMNFOUF ੗ODI© � DPOEJ[JPOF� 0W�
WFSP ੗OP B DIF MB DPOEJ[JPOF TVCJUP EPQP M۝JTUSV[JPOF XIJMF ¨ TPEEJ�
TGB॒B JM QSPHSBNNB SJQFUF JM DJDMP EJ JTUSV[JPOF DIF ¨ TQPTUBUP EJ VO
UBC B EFTUSB SJTQF॒P BM DPNBOEP XIJMF� 1ZUIPO VUJMJ[[B M۝JOEFOUB[JP�
OF QFS EFDJEFSF JM ੘VTTP EFMMF JTUSV[JPOJ
 RVJOEJ JOEFOUB[JPOJ 	DPO JM
UBC
 F SJFOUSJ OPO WBOOP BTTPMVUBNFOUF NFTTJ DBTVBMNFOUF�

1VS FTTFOEP J DPEJDJ UV॒J TDBSJDBCJMJ BM TJUP IࡇQ���TJUPEFMMJCSP DPOTJ�
HMJP WJWBNFOUF EJ DPQJBSF J DPEJDJ NBOVBMNFOUF� 4FCCFOF RVFTUB
B੖FSNB[JPOJ TFNCSJ RVBTJ VOB CFTUFNNJB JO UFNQJ EJ DPQJB
 JODPMMB

DPOEJWJEJ FDD� SJUFOHP DIF DPQJBSF J DPEJDJ JO QZUIPO TJB VUJMF
 TP�
QSB॒V॒P QFS JNQSBUJDIJSTJ OFMM۝JOEFOUB[JPOF
 OFMMB TJOUBTTJ F OFMMB
EJTUJO[JPOF GSB NBJVTDPMF F NJOVTDPMF
 GSB 
 F �
 GSB � F 0�

�
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3JUPSOBOEP BM OPTUSP DPEJDF
 EPQP UV॒F MF WBSJF JTUSV[JPOJ
PTTFSWJBNP MB SJHB

t = t + dt.

फ़FTUB JTUSV[JPOF
 TF JOUFQSFUBUB JO TFOTP MF॒FSBMF NBUFNBUJDP
 TB�
SFCCF VO۝FRVB[JPOF DIF JNQMJDIFSFCCF DIF dt = 0� 7B RVJ QFS² SJ�
DPSEBUP VO QSJODJQJP GPOEBNFOUBMF EFMMB QSPHSBNNB[JPOF
 PWWFSP
MB EJ੖FSFO[B GSB JM TJNCPMP = EJ BTTFHOB[JPOF 	DPNF JO RVFTUP DB�
TP
 F RVFMMP EJ DPNQBSB[JPOF JO VOB DPOEJ[JPOF DIF JO QZUIPO ¨ ==�
फ़BOEP OPJ TDSJWJBNP = OPO DJ TUJBNP DIJFEFOEP TF MF EVF HSBOEF[�
[F BJ MBUJ EFM TJNCPMP TJBOP VHVBMJ
 NB TUJBNP BTTFHOBOEP BMMB WBSJB�
CJMF EJ TJOJTUSB JM WBMPSF DIF BTTVNF MڣFTQSFTTJPOF B EFTUSB EFM SJTVMUBUP�
फ़JOEJ TF
 QFS FTFNQJP
 t = 2.34 F dt = 0.01 JM QSPHSBNNB FTFHVF
RVFTUB JTUSV[JPOF

t← 2.34 + 0.01
EPWF← TUB QFS BTTFHOB� फ़JOEJ JM DPNQVUFS DBMDPMB QSJNB M۝FTQSFT�
TJPOF B EFTUSB EFMM۝VHVBMF 	DIF JO RVFTUP DBTP E  DPNF SJTVMUBUP 2.35

F MB BTTFHOB BMMB WBSJBCJMF t DIF RVJOEJ BTTVNF JM OVPWP WBMPSF
 ۠EJ�
NFOUJDBOEPۡ JM WFDDIJP WBMPSF BTTVOUP 	DIF JOGB॒J WJFOF QFSTP EBMMB
NFNPSJB
�

फ़JOEJ JO TPTUBO[B JM QSPHSBNNB JODSFNFOUB MB WBSJBCJMF UFNQP t
	QFOTBUFMB DPNF VOB TDBUPMJOB OFMMB NFNPSJB EPWF ¨ TBMWBUP VO OV�
NFSP DPO MB WJSHPMB
 EJ dt F PHOJ WPMUB DPOUSPMMB DIF TJB BSSJWBUP BM
UFNQP ੗OBMF tfin
 RVBOEP RVFTUP TVDDFEF FTDF EBM DJDMP F
 JO RVFTUP
DBTP
 UFSNJOB M۝FTFDV[JPOF EFM QSPHSBNNB�

%PQP RVFTUB EJHSFTTJPOF TVM TJHOJ੗DBUP EFM TJNCPMP = EJWFOUFS  QJ¹
DIJBSP BODIF JM TJHOJ੗DBUP EFMMF JTUSV[JPOJ

r[0] = r[0] + v[0] ∗ dt

*O F੖F॒J BODIF JO RVFTUP DBTP JM DBMDPMBUPSF DBMDPMB v[0] ∗ dt
 MP TPN�
NB BM WFDDIJP WBMPSF EJ r[0] F NF॒F JM WBMPSF DBMDPMBUP OFMMB TUFTTB QP�
TJ[JPOF EJ NFNPSJB SFMBUJWB BMMB WBSJBCJMF r[0] DBODFMMBOEP JM WFDDIJP
WBMPSF�

�
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$SFEP DIF PSNBJ BM MF॒PSF QJ¹ B॒FOUP OPO TGVHHJS  JM TJHOJ੗DBUP EFMMF
JTUSV[JPOJ EFM UJQP

v[0] = v[0] + a[0] ∗ dt

7FEJBNP PSB M۝VMUJNB JTUSV[JPOF EFM DJDMP XIJMF
 M۝JTUSV[JPOF QSJOU DIF
TDSJWF JO PHOJ SJHB JM UFNQP t
 MB QPTJ[JPOF r F MB WFMPDJU  v�

3JTQF॒P B NPMUJ DBTJ
 DIF USB॒FSFNP OFM TFHVJUP EFM MJCSP
 JM NPUP EFM
QSPJF॒JMF JO BTTFO[B EJ SFTJTUFO[B EFMM۝BSJB QPTTJFEF VOB TPMV[JPOF
BOBMJUJDB� 1FS J NFOP BEEFOUSP BM DBMDPMP OVNFSJDP DPOWJFOF EBSF
VOB EF੗OJ[JPOF QSFDJTB EJ RVFTUP UFSNJOF� -F FRVB[JPOJ EFM NPUP JO
੗TJDB
 PWWFSP MF GPSNVMF DIF MFHBOP M۝BDDFMFSB[JPOF BMMB QPTJ[JPOF F
BMMB WFMPDJU  EFM TJTUFNB
 TPOP JO HFOFSBMF NPMUP EJਖ਼DJMJ TF OPO JN�
QPTTJCJMJ EB SJTPMWFSF 	TJ EJDF TQFTTP JOUFHSBSF
 BOBMJUJDBNFOUF
 PWWF�
SP QSPDFEFOEP DPO EFJ DBMDPMJ TJNCPMJDJ FTB॒J� .PMUP TQFTTP CJTPHOB
BQQVOUP SJDPSSFSF
 BODIF JO BNCJUP BDDBEFNJDP P JOHFHOFSJTUJDP
 B
TPMV[JPOJ OVNFSJDIF
 BODIF TF F੖F॒VBUF DPO BMHPSJUNJ TJDVSBNFOUF
QJ¹ SBਖ਼OBUJ EJ RVFMMJ DIF QSFTFOUFSFNP JO RVFTUP DPSTP EJEB॒JDP�

0SB JO RVFTUP DBTP MB TPMV[JPOF BOBMJUJDB FTJTUF
 HMJ TUVEFOUJ EFJ QSJNJ
BOOJ EJ -JDFP 4DJFOUJ੗DP MB JNQBSBOP B NFNPSJB
 RVFMMJ EJ RVJOUP
DIF DPOPTDPOP J SVEJNFOUJ EFMM۝BOBMJTJ MB QPTTPOP BODIF SJDBWBSF P
WFSJ੗DBSF DIF FTTB TPEEJTGB M۝FRVB[JPOF EFM NPUP 	���
� 4DSJWJBNPMB
PSB QFS QSPNFNPSJB

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x = v0xt

y = v0yt− 1
2gt2

vx = v0x

vy = v0y − gt

*M HSBOEF WBOUBHHJP QFS OPJ EJ BWFSF VOB TPMV[JPOF BOBMJUJDB ¨ DIF
QPTTJBNP DPOGSPOUBSF MB TPMV[JPOF FTBࡇB DPO RVFMMB OVNFSJDB QFS
WFEFSF TF TUJBNP QSPDFEFOEP DPSSF॒BNFOUF�

$PNF TJ OPUB JO ੗H����
 M۝BDDPSEP BMNFOP RVBMJUBUJWP ¨ P॒JNP� -BTDJB�
NP BM MF॒PSF JM DPNQJUP EJ TDPSSFSF J WBMPSJ OVNFSJDJ GPSOJUJ EBM QSP�

�
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Soluzione numerica

Traiettoria Analitica

'JHVSB ���� $POGSPOUP GSB TPMV[JPOF OVNFSJDB F BOBMJUJDB QFS MB USBJFU�
UPSJB EJ VO QSPJF॒JMF MBODJBUP EB RVPUB [FSP DPO v0x = 3
N�T F v0y = 4 N�T�

HSBNNB QFS DPOGSPOUBSF BMUF[[B NBTTJNB
 HJ॒BUB F BMUSF QSPQSJFU 
OPUF BOBMJUJDBNFOUF DPO J WBMPSJ P॒FOJCJMJ EBM DBMDPMP OVNFSJDP�

*O RVFTUP DBTP BCCJBNP VOB TPMV[JPOF BOBMJUJDB DPO DVJ DPOGSPOUBSF JM
SJTVMUBUP
 NB OFMMB SFBMU  RVFTUP BDDBEF PWWJBNFOUF NPMUP SBSBNFO�
UF� $PNF TJ GB B DBQJSF TF MB OPTUSB TJNVMB[JPOF OVNFSJDB GVO[JPOB
CFOF *O RVFTUP DBTP M۝VOJDP QBSBNFUSP OVNFSJDBNFOUF JNQPSUBOUF
¨ JM UJNF�TUFQ dt� 6O NPEP NPMUP TFNQMJDF F QSBUJDP QFS WFSJ੗DBSF J
OPTUSJ SJTVMUBUJ ¨ NPEJ੗DBSF dt F PTTFSWBSF TF J SJTVMUBUJ TPOP JOEJQFO�
EFOUJ EBMMB TDFMUB GB॒B� 0WWJBNFOUF DJ TBSBOOP TFNQSF EFMMF ੘V॒VB�
[JPOJ NB TF RVFTUF TBSBOOP NJOPSJ EJ VOB DFSUB UPMMFSBO[B QPTTJBNP
SBHJPOFWPMNFOUF B੖FSNBSF DIF MB OPTUSB TJNVMB[JPOF ¨ DPSSF॒B�

*O UBCFMMB SJQPSUJBNP J SJTVMUBUJ P॒FOVUJ 	DPOUSPMMBUFMJ QFS FTFSDJ[JP
QFS JNQSBUJDIJSWJ DPO M۝VTP EFM DPEJDF QZUIPO
�

$PNF TJ OPUB JM WBMPSF EJWFOUB BCCBTUBO[B TUBCJMF JO GVO[JPOF EJ dt

JM QSPCMFNB ¨ QFS² DIF EJ੖FSJTDF BCCBTUBO[B EBM WBMPSF BOBMJUJDP DIF
JO RVFTUP DBTP TBSFCCF y(0.3) = 0.75855 N� फ़FTUP OPO ¨ EPWVUP

��
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dt y(0.3)
����� ���������
����� ���������
����� ���������
���� ����������
���� ����������

5BCFMMB ���� 7BMPSF EJ y(0.3)
 PWWFSP MB DPPSEJOBUB y DBMDPMBUB BM UFN�
QP t = 0.3 T BM WBSJBSF EFM UJNF�TUFQ dt�

BE VO OPTUSP FSSPSF NB BE VO QSPCMFNB CFO OPUP EJ RVFTUP TDIFNB
EJ TPMV[JPOF
 EFM NFUPEP EJ &VMFSP�

$PNF SJQFUFSFNP TQFTTP
 RVFTUP MJCSP OPO ¨ VO UFTUP TVM DBMDPMP OV�
NFSJDP
 F OPO QSPQPSSFNP TFNQSF HMJ TDIFNJ SJTPMVUJWJ QJ¹ DPSSF॒J

NB DFSDIFSFNP TFNQSF EJ QFSTFHVJSF VO BQQSPDDJP QJ¹ TFNQMJDF F
EJEB॒JDP QPTTJCJMF� "WFOEP P॒FOVUP VO FSSPSF UV॒P TPNNBUP SBHJP�
OFWPMF 	JOUPSOP BM ��
 QFS PSB DJ SJUFOJBNP TPEEJTGB॒J F QPTTJBNP
BOEBSF BWBOUJ OFMM۝BHHJVOHFSF JOHSFEJFOUJ BM OPTUSP TJTUFNB ੗TJDP�

*O BQQFOEJDFۜ TQJFHIFSFNP DPNF DPSSFHHFSF RVFTUP FE BMUSJ DPEJDJ
QFS P॒FOFSF VOB NBHHJPSF QSFDJTJPOF OVNFSJDB�

��� 1SPJFࣄJMF DPO BࣄSJUP

/FMMB SFBMU  JM QSPJF॒JMF OPO ¨ TPMBNFOUF TPHHF॒P BMMB GPS[B EJ HSBWJU 
NB BODIF BMMB SFTJTUFO[B EFMM۝BSJB� -۝F੖F॒P EFMM۝BSJB TV VO DPSQP DIF
WJBHHJB BE VOB WFMPDJU  EBUB ¨ BMRVBOUP DPNQMFTTP� *O HFOFSBMF M۝FG�
GF॒P EFMM۝BSJB IB VOB DPNQPOFOUF QFSQFOEJDPMBSF BMMB WFMPDJU  	EF॒B
QPSUBO[B JO HFOFSF
 FE VOB BOUJQBSBMMFMB BMMB WFMPDJU  EF॒B B॒SJUP�

��
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4F VOP WVPMF TJNVMBSF MB EJOBNJDB EJ VO BFSFP DPO MF BMJ PWWJBNFOUF
EPWS  DPOTJEFSBSF M۝F੖F॒P EJ QPSUBO[B
 NB VO QSPJF॒JMF TJ QV² DPOTJ�
EFSBSF JO QSJNB BQQSPTTJNB[JPOF DPNF TPHHF॒P TPMBNFOUF BMMB GPS[B
EJ B॒SJUP� 1FS WFMPDJU  NPMUP QJDDPMF JM ੘VTTP EFMM۝BSJB ¨ MBNJOBSF
 PW�
WFSP TUB[JPOBSJP OFM UFNQP
 NB OFMMB SFBMU  VO QSPJF॒JMF 	NB BODIF
VOB QBMMJOB EB UFOOJT P VO QBMMPOF EB DBMDJP
 WJBHHJBOP B WFMPDJU  UBMJ
EB BWFSF NPUP UVSCPMFOUP�

*O RVFTUP DBTP MB GPSNVMB QFS MB GPS[B EJ B॒SJUP Fd ¨ EBUB EB�

Fd = 1
2ρcdA|v⃗|2, 	���


EPWF ρ ¨ MB EFOTJU  EFMM۝BSJB 	QPTTJBNP BTTVNFSF ρ = 1.3 kg/m3


A ¨ M۝BSFB GSPOUBMF EFM QSPJF॒JMF
 NFOUSF cd ¨ JM DPFਖ਼DJFOUF EJ B॒SJUP
DIF EJQFOEF EBMMB GPSNB EFMM۝PHHF॒P FE ¨ UBOUP QJ¹ QJDDPMP RVBOUP
NBHHJPSF ¨ MB DPTJEEF॒B BFSFPEJOBNJDJU  EFM QSPJF॒JMF�

/PO ¨ GBDJMF TUJNBSF cd UFPSJDBNFOUF
 NB QV² FTTFSF SJDBWBUP EB NJ�
TVSF EJ MBCPSBUPSJP P 	NBOEP B EJSMP
 EB TJNVMB[JPOJ OVNFSJDIF CFO
QJ¹ DPNQMFTTF EJ RVFMMF DIF TUJBNP NPTUSBOEP JO RVFTUP UFTUP� 1PT�
TJBNP BTTVNFSF QFS VO QSPJF॒JMF EJ BSUJHMJFSJB EJ EJBNFUSP 155 NN
VO cd = 0.12�

4JBNP PSB EJ GSPOUF BM UJQJDP QSPCMFNB DIF B੖SPOUB DIJ WPHMJB TDSJWF�
SF VO QSPHSBNNB EJ TJNVMB[JPOF QBSUFOEP EBMMF GPSNVMF EFJ MJCSJ EJ
UFTUP� *O SFBMU  QBTTBSF EBMMB GPSNVMB 	���
 BM DPEJDF JO QZUIPO OPO
EPWSFCCF FTTFSF EJਖ਼DJMF TF TJ IB VO CVPOB QBESPOBO[B DPO J WF॒PSJ�
फ़FTUP BTQF॒P QFS² WJFOF TQFTTP USBTDVSBUP OFMMB EJEB॒JDB EFM -J�
DFP 4DJFOUJ੗DP QSPWPDBOEP VO CMPDDP QSFTTPDI© UPUBMF RVBOEP VOP
TUVEFOUF UJQJDP TJ USPWB JO RVFTUB TJUVB[JPOF�

-B QSJNB EPNBOEB EB QPSTJ ¨� DPTB ¨ Fd OFMM۝FRVB[JPOF 	���
 -B
SJTQPTUB DPSSF॒B ¨ JM NPEVMP EFMMB GPS[B EJ B॒SJUP� -B DPOWFO[JPOF
EJ VUJMJ[[BSF MB MF॒FSB TFO[B JM TJNCPMP EJ WF॒PSF DPNF TJOPOJNP EFM
NPEVMP ¨ TJDVSBNFOUF VUJMF NB TQFTTP GVPSWJBOUF
 DPNF WFESFNP

��
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OFM DBQJUPMP TVM NPUP EFJ QJBOFUJ� "WFOEP BDDFSUBUP DIF Fd = |F⃗d|

TJBNP QFS² GFSNJ EJ GSPOUF BMMB EPNBOEB QSJODJQBMF� DPNF P॒FOHP MF
DPNQPOFOUJ EJ F⃗d *OGB॒J TPMP DPO MF DPNQPOFOUJ QPUS² BHHJVOHFSF
J UFSNJOJ DPSSF॒J BMMF FRVB[JPOJ EFM NPUP TDSJ॒F QSFDFEFOUFNFOUF�

1FS NJB FTQFSJFO[B EJEB॒JDB
 EBWBOUJ B RVFTUB EPNBOEB MB NBHHJPS
QBSUF EFHMJ TUVEFOUJ JOJ[JBOP B DBMDPMBSF M۝BOHPMP GSB JM WF॒PSF F M۝BTTF
x
 TQFSBOEP QPJ EJ QPUFS DBMDPMBSF MF DPNQPOFOUJ� फ़FTUP BQQSPDDJP
IB EVF QSPCMFNJ QSJODJQBMJ� JM QSJNP ¨ DIF JO USF EJNFOTJPOJ OPO ¨
B੖B॒P GBDJMF SBHJPOBSF DPO HMJ BOHPMJ
 MB TFDPOEB ¨ DIF MF GVO[JPOJ
HPOJPNFUSJDIF OPO IBOOP GVO[JPOF JOWFSTB� /F IBOOP VOB SJTUSF॒B

NB OPO F੖F॒JWBNFOUF VOB GVO[JPOB JOWFSTB� 1SJNB EJ QSPQPSSF MB
WJB QJ¹ TFNQMJDF F SJHPSPTB DPO VO FTFNQJP TQJFHP M۝JNQPSUBO[B EJ
RVFMMP DIF IP BQQFOB B੖FSNBUP�

5V॒J HMJ TUVEFOUJ TJ TBSBOOP USPWBUJ EBWBOUJ BMMB EPNBOEB� EBUP JM
WF॒PSF A⃗ = (Ax, Ay, 0)
 RVBM ¨ M۝BOHPMP Θ GSB M۝BTTF x F JM WF॒PSF
A⃗ (MJ TUVEFOUJ QJ¹ CSJMMBOEJ SJTQPOEFSBOOP TVCJUP

Θ = atan
(

Ay

Ax

)
.

0SB
 RVFTUB SJTQPTUB JO SFBMU  OPO ¨ DPSSF॒B� 4F Ax ¨ OFHBUJWB JM
SJTVMUBUP OPO QV² FTTFSF HJVTUP
 QPJDI¨ MB GVO[JPOF atan(x) E  DP�
NF SJTVMUBUP VO BOHPMP DPNQSFTP JO [−π/2, π/2] NFOUSF TF Ax < 0
PWWJBNFOUF M۝BOHPMP BQQBSUJFOUF BM UFS[P P RVBSUP RVBESBOUF�

*O F੖F॒J MB GPSNVMB HJVTUB EPWSFCCF FTTFSF

Θ =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

atan
(

Ay

Ax

)
se Ax > 0

atan
(

Ay

Ax

)
+ π se Ax < 0

π/2 se Ax = 0, Ay > 0
−π/2 se Ax = 0, Ay < 0

��
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0WWJBNFOUF TF TJB Ax = 0 F Ay = 0 M۝BOHPMP OPO ¨ EF੗OJCJMF 	UV॒F
MF DPOEJ[JPOJ BQQFOB EFTDSJ॒F TPOP HJ  JNQMFNFOUBUF JO QZUIPO OFMMB
GVO[JPOF NBUI�BUBO�	Z
 Y

�

"ODIF TF JO RVFTUP NPEP UV॒P TPNNBUP
 BMNFOP OFM DBTP CJEJNFO�
TJPOBMF
 JM QSPCMFNB QPUSFCCF FTTFSF B੖SPOUBUP
 TQJFHIFS² PSB DPNF
SJTPMWFSF JM DBTP HFOFSBMF VTBOEP VOP EFJ DPODF॒J QJ¹ CJTUSB॒BUJ EFM
DBMDPMP WF॒PSJBMF BM -JDFP
 JM WFSTPSF� .PMUJ TUVEFOUJ JNQBSBOP MB EF�
੗OJ[JPO EJ WFSTPSF DIJFEFOEPTJ JOUJNBNFOUF B DPTB TFSWB� &੖F॒JWB�
NFOUF OPO ¨ JOUVJUJWP DBQJSF DPNF VUJMJ[[BSF RVFTUP DPODF॒P TFO[B
BWFS WJTUP VO FTFNQJP� 1FOTJBNP JOUBOUP B DPTB TJB JM WFSTPSF EJ VO
QBSUJDPMBSF WF॒PSF� 1SFOEJBNP JM WF॒PSF WFMPDJU  v⃗ F DIJFEJBNPDJ DP�
NF TJB GB॒P VO WF॒PSF DIF IB MB TUFTTB EJSF[JPOF
 MP TUFTTP WFSTP
 NB
NPEVMP VOJUBSJP� 0WWJBNFOUF RVFTUP OVPWP WF॒PSF TBS  VO WFSTPSF

TBS  JO QBSUJDPMBSF JM WFSTPSF EFM WF॒PSF v⃗� *OEJDJBNPMP DPO v̂� .B
DPNF TJ QV² DBMDPMBSF RVFTUP WFSTPSF #BTUB VTBSF MB GPSNVMB

v̂ = v⃗

|v⃗|
PWWFSP JM WF॒PSF v⃗ EJWJTP QFS JM TVP NPEVMP JO NPEP DIF EPQP MB
EJWJTJPOF JM NPEVMP TBS  PWWJBNFOUF VOJUBSJP� "OOPUJBNP TVCJUP
VO۝BMUSB GPSNVMB PWWJB DIF QFS² TBS  VUJMF JO GVUVSP

v⃗ = |v⃗|v̂
PWWFSP
 TF OPJ EJ VO WF॒PSF TBQQJBNP NPEVMP F WFSTPSF
 CBTUB NPMUJ�
QMJDBSF JM NPEVMP 	DIF ¨ VOP TDBMBSF
 QFS JM WFSTPSF 	DIF ¨ VO WF॒PSF

QFS P॒FOFSF v⃗� 5PSOJBNP PSB BMMB GPS[B EJ B॒SJUP� *M NPEVMP ¨ EBUP
EBMMB 	���

 NB JM TVP WFSTPSF -B SJTQPTUB OPO ¨ NPMUP EJਖ਼DJMF
 MB GPS�
[B EJ B॒SJUP BWS  MB TUFTTB EJSF[JPOF EFMMB WFMPDJU  NB WFSTP PQQPTUP�
फ़JOEJ QFS P॒FOFSF JM WF॒PSF GPS[B EJ B॒SJUP F⃗d EPWSFNP NPMUJQMJ�
DBSF JM NPEVMP 	DIF ¨ TFNQSF QPTJUJWP�
 QFS M۝PQQPTUP EFM WFSTPSF v̂�
"WSFNP RVJOEJ

F⃗d = −1
2cdρA|v⃗|2v̂ 	���


NB SJDPSEBOEP DIF |v⃗|v̂ = v⃗ P॒FOJBNP

F⃗d = −1
2cdρA|v⃗|v⃗. 	����


��
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4JBNP BE VO QBTTP EBMMB TPMV[JPOF
 EPCCJBNP TPMP SJDPSEBSF DPNF TJ
NPMUJQMJDB VO WF॒PSF QFS VOP TDBMBSF �
 PWWFSP

a · v⃗ = a · (vx, xy, vz) = (avx, avy, avz)

DPO a VOP TDBMBSF� "QQMJDBOEP RVFTUB GPSNVMB BMMB 	����
 P॒FOJBNP

F⃗d =
(
−1

2cdρA|v⃗|vx,−1
2cdρA|v⃗|vy,−1

2cdρA|v⃗|vz,
)

	����


EPWF PWWJBNFOUF WBMF

|v⃗| =
√

v2
x + v2

y + v2
z .

फ़FTUF GPSNVMF TPOP HFOFSBMJ
 QSPWJBNP PSB B DBMDPMBSF J QBSBNFUSJ
QFS VO QSPJF॒JMF SFBMF� 4VQQPOJBNP DIF MB GPSNB TJB FTTFO[JBMNFOUF
DJMJOSJDB DPO EJBNFUSP EJ 155 NN� फ़JOEJ

A = πr2 = π 0.1552 = 0.075 m2

RVJOEJ TJ IB DIF
1
2ρcdA = 0.00589 kg/m

QFS DBMDPMBSF M۝BDDFMFSB[JPOF EPCCJBNP BODIF EJWJEFSF QFS MB NBT�
TB EFM QSPJF॒JMF
 DIF TVM XFC WJFOF SJQPSUBUP DPNF m = 43.5 kg�
4JBNP EVORVF QSPOUJ QFS TDSJWFSF MB GPSNVMB QFS M۝BDDFMFSB[JPOF
DPNQMFTTJWB

a⃗ =
(
−1

2cdρA/m|v⃗|vx,−1
2cdρA/m|v⃗|vy − g,−1

2cdρA/m|v⃗|vz,
)

	����

= (−k|v⃗|vx,−k|v⃗|vy − g,−k|v⃗|vz, )

DPO k = 1.35 · 10−3 m−1� 4JBNP PSB QSPOUJ B NPEJ੗DBSF MB GVO[JPOF
DIF DBMDPMB M۝BDDFMFSB[JPOF OFM OPTUSP QSPHSBNNB QZUIPO
�%FGJOJBNP M�BDDFMFSB[JPOF
EFG BDD	S
W
�

� TJB S DIF W TPOP EFHMJ BSSBZ �Y�
 SJDPSEJBNP
� DIF JO QZUIPO JM QSJNP FMFNFOUP EJ VO WFUUPSF ¨

�PQFSB[JPOF EB OPO DPOGPOEFSF DPM QSPEP॒P TDBMBSF GSB EVF WF॒PSJ

��
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� S<�>
 JM TFDPOEP S<�> F JM UFS[P S<�>

L � ����F��

WNPE � TRSU	W<�>�W<�> � W<�>�W<�> � W<�>�W<�>


B � <�> � � � JOJ[JBMJ[[P VO WFUUPSF OVMMB �Y�

B<�> � �L � WNPE � W<�>
B<�> � �L � WNPE � W<�> � ����
B<�> � �L � WNPE � W<�>

SFUVSO B

QFS VUJMJ[[BSF MB GVO[JPOF SBEJDF RVBESBUB TRSU EPCCJBNP JNQPSUBSMB
EBM NPEVMF NBUI JOTFSFOEP BMM۝JOJ[JP EFM DPEJDF M۝JTUSV[JPOF
� CJTPHOB JNQPSUBSF MB GVO[JPOF SBEJDF RVBESBUB
� EBM NPEVMF NBUI
GSPN NBUI JNQPSU TRSU BT TRSU

4JBNP PSB QSPOUJ B GBSF RVBMDIF ۠FTQFSJNFOUP �ۡ *O ੗H���� NPTUSJBNP
JM DPOGSPOUP GSB EVF USBJF॒PSJF DPO F TFO[B B॒SJUP DPO M۝BSJB QFS VO
QSPJF॒JMF MBODJBUP DPO WFMPDJU  JOJ[JBMF V0 = 200 N�T F BOHPMP θ =
45◦
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Senza attrito

Con attrito

'JHVSB ���� $POGSPOUP GSB MB USBJF॒PSJB EFM QSPJF॒JMF MBODJBUP DPO
v0x = v0y = 141 N�T DPO F TFO[B B॒SJUP DPO M۝BSJB�
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$PNF TJ WFEF M۝F੖F॒P EFMMB SFTJTUFO[B EFMM۝BSJB ¨ EVQMJDF� MB HJ॒BUB
PWWJBNFOUF EJNJOVJTDF FE BODIF MB GPSNB EFMMB USBJF॒PSJB DIF OPO
¨ QJ¹ FTB॒BNFOUF TJNNFUSJDB SJTQF॒P BM QVOUP QJ¹ JO BMUP� फ़FTUP
BWWJFOF QPJDI© MB SFTJTUFO[B EFMM۝BSJB IB VO F੖F॒P NBHHJPSF OFMMB
QSJNB GBTF RVBOEP MB WFMPDJU  EFM QSPJF॒JMF ¨ QJ¹ HSBOEF�

1PTTJCJMJ UBOUJ BMUSJ FTQFSJNFOUJ۪��

��


