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��� *M QSPCMFNB EJ /FXUPO DPO EVF DPSQJ

"੖SPOUJBNP BEFTTP VO BMUSP DBTP NPMUP JOUFSFTTBOUF� *M NPUP EJ EVF
DPSQJ TPHHF॒J BMM۝B॒SB[JPOF HSBWJUB[JPOBMF� $PNF OFM DBTP QSFDFEFO�
UF TVM QSPJF॒JMF DPO B॒SJUP JM QSJNP QBTTP ¨ FTQSJNFSF DPSSF॒BNFOUF
MB DPNQPOFOUJ EFMM۝BDDFMFSB[JPOF DPOWFSUFOEP MF GPSNVMF EFM MJCSP EJ
UFTUP DIF FTQSJNPOP JM NPEVMP EFMMB GPS[B EJ /FXUPO JO GPSNVMF QFS
DPNQPOFOUJ�

5SB॒JBNP VO DBTP TFNQMJDF
 M۝PSCJUB EJ VOB NBTTB m 	5FSSB BE FTFN�
QJP
 JOUPSOP BE VOB NBTTB M 	4PMF
 DPO m≪M � (SB[JF BMM۝VMUJNB
DPOEJ[JPOF QPTTJBNP TVQQPSF DIF MB NBTTB M TJB GFSNB OFMM۝PSJHJOF
NFOUSF MB NBTTB m MF PSCJUB JOUPSOP� फ़FTUB DPOEJ[JPOF TJ QV² NPEJ�
੗DBSF JO VO TFDPOEP NPNFOUP TFO[B DPNQMJDBSF USPQQP MB USB॒B[JP�
OF� *M WF॒PSF QPTJ[JPOF EFMMB NBTTB m 	E۝PSB JO QPJ MP DIJBNFSFNP
5FSSB
 TBS 

r⃗ = (x, y, z).
4VJ MJCSJ EJ UFTUP MB GPS[B EJ B॒SB[JPOF HSBWJUB[JPOBMF ¨ JOEJDBUB EBMMB
GBNPTB GPSNVMB

FG = −GMm

r2 .

" NJP NPEFTUP QBSFSF RVFTUB GPSNVMB FTQSFTTB JO RVFTUP NPEP ¨
SFTQPOTBCJMF EFMMB DPOGVTJPOF EJ JOUFSF HFOFSB[JPOJ EJ TUVEFOUJ� -B
QSJNB EPNBOEB EJ VOP TUVEFOUF DIF IB EBWWFSP WPHMJB EJ DBQJSF TBS 
NB DPTB ¨ FG $PT¬ FTQSFTTP OPO QV² FTTFSF JM WF॒PSF GPS[B QPJDI©
¨ DIJBSBNFOUF VOP TDBMBSF� 1PUSFCCF FTTFSF JM NPEVMP EFMMB GPS[B

NB DPNF GB BE FTTFSF OFHBUJWP /PSNBMNFOUF TVJ MJCSJ EJ UFTUP TJ
TQJFHB DIF JM TFHOP NFOP JOEJDB JM GB॒P DIF MB GPS[B ¨ B॒SB॒JWB
 NB
RVFTUP WBMF TPMP TF FG ¨ MB DPNQPOFOUF EFMMB GPS[B MVOHP M۝BTTF DIF
DPOHJVOHF EJ EVF DPSQJ PSJFOUBUB EBM DPSQP DIF FTFSDJUB MB GPS[B B
RVFMMP DIF MB TVCJTDF�

"NNFTTP F OPO DPODFTTP DIF VOP TUVEFOUF SJFTDB B DBQJSF UV॒P DJ²
TFO[B BJVUP
 RVFTUP USB॒BNFOUP OPO E  BMDVOB TQFSBO[B EJ ۠TQJFHBSFۡ
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BM DPNQVUFS DPNF B੖SPOUBSF RVFTUP QSPCMFNB�

*OUBOUP TDSJWJBNP JM NPEVMP EFMMB GPS[B HSBWJUB[JPOBMF

FG = GMm

r2 .

*M MF॒PSF B॒FOUP BWS  TVCJUP OPUBUP MB TDPNQBSTB EFM TFHOP NFOP�
1PJ
 DPNF OFM DBTP EFM QSPJF॒JMF
 TFSWF JM WFSTPSF EFMMB GPS[B� -B GPS�
[B EJ B॒SB[JPOF HSBWJUB[JPOBMF BHJTDF MVOHP MB DPOHJVOHFOUF EJ EVF
DPSQJ� *M WF॒PSF r⃗12 DIF DPOHJVOHF EVF QVOUJ OFMMP TQB[JP r⃗1 F r⃗2 TJ
P॒JFOF DPO VOB TFNQMJDF PQFSB[JPOF

r⃗12 = r⃗2 − r⃗1. 	���


1FS NJB FTQFSJFO[B RVFTUP QSPCMFNB SJTVMUB NPMUP PTUJDP QFS HMJ TUV�
EFOUJ� 4QFTTP DFSDBOP DPNQMFTTJ SBHJPOBNFOUJ VUJMJ[[BOEP GVO[JPOJ
HPOJPNFUSJDIF P QSPDFTTJ TJNJMJ�

1FS² ¨ BCCBTUBO[B TFNQMJDF SFOEFSTJ DPOUP EJ DPNF MB TFNQMJDF EJ੖F�
SFO[B USB WF॒PSJ QPTTB BJVUBSF B SJTPMWFSF RVFTUP QSPCMFNB� 1FS DB�
QJSF NFHMJP M۝PSEJOF EFJ WF॒PSJ OFMM۝PQFSB[JPOF EJ EJ੖FSFO[B TJ QV²
SBHJPOBSF BODIF DPT¬
 SJTDSJWJBNP MB 	���
 DPT¬�

r⃗2 = r⃗1 + r⃗12.

*O RVFTUP NBOJFSB EPWSFCCF FTTFSF DIJBSP DIF JM WF॒PSF r⃗2 TJ P॒JFOF
EB r⃗1 BHHJVOHFOEPHMJ r⃗12 DIF RVJOEJ
 TF VOP QFOTB BMMB SFHPMB EFM QB�
SBMMFMPHSBNNB
 QSPQSJP JM WF॒PSF DIF QBSUF EBMMB QVOUB EJ r⃗1 F ੗OJTDF
TVMMB QVOUB EJ r⃗2�

0SB DIF BCCJBNP JM WF॒PSF DIF WB EBM 4PMF BMMB 5FSSB EPCCJBNP USP�
WBSOF JM WFSTPSF VTBOEP MB TUFTTB GPSNVMB EFM DBQJUPMP QSFDFEFOUF

PWWFSP

r̂12 = r⃗12
|r⃗12| .
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0SB BCCJBNP NPEVMP
 WFSTPSF
 F DPOTJEFSBOEP BEFTTP JM TFHOP NF�
OP QFSDI© MB GPS[B EFWF FTTFSF B॒SB॒JWB P॒FOJBNP MB GPSNVMB EFMMB
GPS[B DIF JM DPSQP 2 TFOUF B DBVTB EFMMB QSFTFO[B EFM DPSQP 1 DPNF

F⃗G = −GMm

|r⃗12|2 r̂12. 	���


"EFTTP T¬ DIF MB GPSNVMB QV² FTTFSF TQJFHBUB BE VO 1$�

*OJ[JBNP QFS² DPO VO DBTP TFNQMJDF
 TVQQPOFOEP
 DPNF EF॒P QSJNB

JM 4PMF GFSNP OFMM۝PSJHJOF F JM QJBOFUB 5FSSB DIF HMJ PSCJUB JOUPSOP� *O
RVFTUP DBTP BCCJBNP PWWJBNFOUF

r⃗12 = r⃗2; r̂12 = r̂2;

JOPMUSF M۝BDDFMFSB[JPOF PWWJBNFOUF TJ P॒JFOF EJWJEFOUP MB GPS[B DIF
TVCJTDF MB 5FSSB QFS MB TVB NBTTB m DIF RVJOEJ TJ TFNQMJ੗DB OFMMB
GPSNVMB ੗OBMF� 0॒FOJBNP RVJOEJ

a⃗2 = −GM

|r⃗2|2 r̂2.

$PNF TBQQJBNP
r̂2 = r⃗2

|r⃗2|
P॒FOFOEP VOB GPSNVMB[JPOF BMUFSOBUJWB DIF QFSNF॒F EJ FWJUBSF JM
DBMDPMP EFM WFSTPSF

a⃗2 = −GM

|r⃗2|3 r⃗2.

$IJBNBOEP MF DPNQPOFOUF r⃗2 = (x, y, z) P॒FOJBNP QFS DPNQPOFOUJ

a⃗2 =
(
−GM

|r⃗2|3 x,−GM

|r⃗2|3 y,−GM

|r⃗2|3 z,
)

, 	���


EPWF PWWJBNFOUF

|r⃗2|3 =
(
x2 + y2 + z2

)3/2
.
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4JBNP QSPOUJ B TDSJWFSF MB SPVUJOF JO QZUIPO DIF DBMDPMB M۝BDDFMFSB[JP�
OF� %PCCJBNP TPMP DBMDPMBSF JM GB॒PSF GM � 0WWJBNFOUF JM DBMDPMP
BOESFCCF F੖F॒VBUP OFM TJTUFNB JOUFSOB[JPOBMF
 UV॒BWJB JO RVFTUP DB�
TP TJ QV² BEP॒BSF VO USVDDP 	EF॒P EJ SJTDBMBNFOUP
 VUJMJ[[BOEP VOJU 
EJ NJTVSB ۠GVSCF �ۡ 4F WPHMJBNP TJNVMBSF JM NPUP EFMMB 5FSSB TBQQJB�
NP DIF JM QFSJPEP ¨ EJ VO BOOP
 M۝PSCJUB RVBTJ DJSDPMBSF
 DPO SBHHJP
R = 1.5 · 1011 m = 1 u.a. PWWFSP VO۝VOJU  BTUSPOPNJDB� 4F OPJ
QSFOEJBNP MF GPSNVMF QFS MB WFMPDJU  PSCJUBMF JO VO۝PSCJUB DJSDPMBSF
	DIF QFS MB 5FSSB ¨ VO۝P॒JNB BQQSPTTJNB[JPOF BMNFOP QFS JM MJWFMMP
EJ USB॒B[JPOF DIF VUJMJ[[JBNP JO RVFTUP UFTUP


GM

R2 = V 2

R
⇒ ω = V

R
=

√
GM

R3

EB DVJ

T = 2π

ω
= 2π

√
R3

GM
.

0SB
 OFMMF OPTUSF VOJU  EJ NJTVSB TF T = 1 BOOP F R = 1 u.a.
P॒FOJBNP DIF

GM = 4π2 u.a.3/anni2.

*O RVFTUB NBOJFSB UV॒J J OPTUSJ DBMDPMJ OVNFSJDJ BWSBOOP JM UFNQP
NJTVSBUP JO BOOJ F MF EJTUBO[F JO V�B� F TPQSB॒V॒P QFSNF॒FS  MB
HFTUJPOF EJ OVNFSJ SBHJPOFWPMNFOUF ۠QJDDPMJۡ TFO[B DPTUSJOHFSF JM
QSPHSBNNB B DBMDPMJ JO OPUB[JPOF TDJFOUJ੗DB� 5V॒J J MJOHVBHHJ EJ
QSPHSBNNB[JPOF HFTUJTDPOP MF QPUFO[F EJ �� QFS² EJWFOUB EFMJDBUP
QPJ FWJUBSF SJTDIJ EJ VOEFS� F PWFS�੘PX
 PWWFSP EJ OVNFSJ USPQQP
QJDDPMJ P USPQQP HSBOEJ QFS FTTFSF HFTUJUJ EB VO DBMDPMBUPSF� �

"EFTTP TJBNP QSPOUJ B TDSJWFSF JM DPEJDF DIF DBMDPMB M۝BDDFMFSB[JPOF�
*NQMFNFOUBOEP MB GPSNVMB 	���
 TDSJWFSFNP
�%FGJOJBNP M�"DDFMFSB[JPOF

EFG BDD	Y
 Z
 [
�
(. � � � NBUI�QJ � NBUI�QJ � NBUI�QJ F� QJHSFDP

�RVJ DJ TBSFCCF VO EJTDPSTP MVOHP
 QFS² VO FTFNQJP۪�
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S � NBUI�TRSU	Y�Y�Z�Z�[�[

S�� S�S�S
� MB GVO[JPOF FMFWBNFOUP B QPUFO[B BOESFCCF
� JNQPSUBUB NB QPTTJBNP SJTPMWFSF SBQJEBNFOUF SJDPSSFOEP
� BMMB EFGJOJ[JPOF TUFTTB EJ QPUFO[B

SFUVSO �(.�Y�S�
 �(.�Z�S�
�(.�[�S�

� OPUBSF DPNF J WFUUPSJ SJFTDBOP B DPNQBUUBSF UVUUJ
� J DBMDPMJ OFDFTTBSJ

"EFTTP JM QSPHSBNNB DPNQMFUP TBS  TVMMB GBMTBSJHB EJ RVFMMJ EFM
DBQJUPMP QSFDFEFOUF
 PWWFSP
�4JTUFNB 4PMF�5FSSB

JNQPSU NBUI

EFG BDD	Y
 Z
 [
�
(. � � � NBUI�QJ � NBUI�QJ � NBUI�QJ F� QJHSFDP

S � NBUI�TRSU	Y�Y�Z�Z�[�[

S�� S�S�S
� MB GVO[JPOF FMFWBNFOUP B QPUFO[B BOESFCCF
� JNQPSUBUB NB QPTTJBNP SJTPMWFSF SBQJEBNFOUF SJDPSSFOEP
� BMMB EFGJOJ[JPOF TUFTTB EJ QPUFO[B

SFUVSO �(.�Y�S�
 �(.�Z�S�
�(.�[�S�

� OPUBSF DPNF J WFUUPSJ SJFTDBOP B DPNQBUUBSF UVUUJ
� J DBMDPMJ OFDFTTBSJ

� DPOEJ[JPOJ JOJ[JBMJ
U � �
5NBY � ���
%5 � ������

Y � �
Z � ��
[ � ��

7Y � ��
7Z � � � NBUI�QJ
7[ � ��

��������������������

� -PPQ TVM UFNQP
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XIJMF U � 5NBY�

Y � Y � 7Y�%5
Z � Z � 7Z�%5
[ � [ � 7[�%5

BY
BZ
B[ � BDD	Y
Z
[


7Y � 7Y � BY�%5
7Z � 7Z � BZ�%5
7[ � 7[ � B[�%5

U � U � %5

6OB QJDDPMB OPUB NFSJUBOP MF DPOEJ[JPOJ JOJ[JBMJ� "CCJBNP QPTUP MB
5FSSB JO QPTJ[JPOF (1, 0, 0) DPO WFMPDJU  V = (0, 2π, 0)� फ़FTUB ¨
FTB॒BNFOUF MB WFMPDJU  SJDIJFTUB QFS M۝PSCJUB DJSDPMBSF� *O F੖F॒J QFS
M۝PSCJUB DJSDPMBSF TJ IB DIF MB 5FSSB EFWF DPNQJFSF VOB DJSDPOGFSFO[B
EJ SBHHJP � V�B� JO VO UFNQP 5 � � BOOP
 RVJOEJ TJ BWS 

V = 2πR/T = 2π u.a./anno.

"CCJBNP RVJOEJ MBODJBUP MB 5FSSB Bਖ਼ODI© DPNQJTTF VO۝PSCJUB
QFSGF॒BNFOUF DJSDPMBSF�

1SJNB EJ JOJ[JBSF B EJWFSUJSDJ DPO JM OPTUSP DPEJDF EPCCJBNP QFS² WF�
SJ੗DBSF TF TUJB GVO[JPOBOEP CFOF� 4BQQJBNP EBMMF MFHHJ EFMMB HSB�
WJUB[JPOF VOJWFSTBMF F EB RVFMMF EJ ,FQMFSP DIF MF PSCJUF TPOP DPOJ�
DIF� *O QBSUJDPMBSF MF PSCJUF DPO FOFSHJB UPUBMF OFHBUJWB TJ ۠DIJVEP�
OP 
ۡ PWWFSP SJQBTTBOP FTB॒BNFOUF EBM QVOUP EJ QBSUFO[B 	QFS FTTFSF
QJ¹ QSFDJTJ PHOJ QVOUP EFMM۝PSCJUB ¨ VO QVOUP EJ QBSUFO[B EB DVJ MB
5FSSB EFWF SJQBTTBF FTB॒BNFOUF EPQP VO QFSJPEP T 
� *OPMUSF TBQ�
QJBNP DIF JM NPUP EJ VO QJBOFUB JOUFSOP BM 4PMF DPOTFSWB M۝FOFSHJB
UPUBMF F JM NPNFOUP BOHPMBSF SJTQF॒P BM 4PMF� /PJ BCCJBNP VOB TJ�
NVMB[JPOF OVNFSJDB EFM NPUP EFJ QJBOFUJ F OPO QPTTJBNP BTQF॒BSDJ
VOB DPOTFSWB[JPOF FTBࡇB
 UV॒BWJB QJDDPMF PTDJMMB[JPOJ OVNFSJDIF DJ
SFOEFSFCCFSP BCCBTUBO[B TJDVSJ DIF MB TJNVMB[JPOF TUJB GVO[JPOBOEP
SBHJPOFWPMNFOUF CFOF�
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*OUBOUP WFEJBNP DPNF DBMDPMBSF M۝FOFSHJB UPUBMF� *O SFBMU 
 QPJDI©
MB NBTTB m EFMMB 5FSSB TJ TFNQM੗DB OFM DBMDPMP EFMM۝BDDFMFSB[JP�
OF QPTTJBNP DBMDPMBSF QFS TFNQMJDJU  M۝FOFSHJB QFS VOJU  EJ NBTTB
P॒FOFOEP

E

m
= 1

2V 2 − GM

r
,

EPWF 	F OPO ¨ CBOBMF SJQFUFSMP


V 2 = V 2
x + V 2

y + V 2
z

NFOUSF
r = (x2 + y2 + z2)1/2.

फ़JOEJ EVF GVO[JPOJ DIF DBMDPMJOP M۝FOFSHJB DJOFUJDB F QPUFO[JBMF
MVOHP MB USBJF॒PSJB TBSBOOP

EFG &LJO	7Y
 7Z
 7[
�
SFUVSO ����	7Y�7Y � 7Z�7Z � 7[�7[


EFG &QPU	Y
 Z
 [
�
(. � � � NBUI�QJ � NBUI�QJ
S � NBUI�TRSU	Y�Y�Z�Z�[�[

SFUVSO �(.�S

NFOUSF OFM DPSQP QSJODJQBMF EFM QSPHSBNNB TPNNFSFNP MF EVF HSBO�
EF[[F QFS P॒FOFSF M۝FOFSHJB UPUBMF 	JO RVFTUP NPEP QPUSFNNP QPJ
TUBNQBSF B TDIFSNP P TV ੗MF J EVF UFSNJOJ TFQBSBUJ
� -B QBSUF
QSJODJQBMF EFM QSPHSBNNB EJWFOUFS  RVJOEJ

� -PPQ TVM UFNQP

XIJMF U � 5NBY�

Y � Y � 7Y�%5
Z � Z � 7Z�%5
[ � [ � 7[�%5

BY
BZ
B[ � BDD	Y
Z
[


7Y � 7Y � BY�%5
7Z � 7Z � BZ�%5
7[ � 7[ � B[�%5

&Q � &QPU	Y
Z
[
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&L � &LJO	7Y
7Z
7[

&UPU � &Q � &L

QSJOU	U
&L
&Q
&L�&Q


U � U � %5

4F MBODJBUP DPT¬ DPNF QSFTFOUBUP JM SJTVMUBUP ¨ TPEEJTGBDFOUF
 M۝F�
OFSHJB ੘V॒VB NB NPMUP QPDP F TPQSB॒V॒P OPO QSFTFOUF UFOEFO[F
DPTUBOUF EJ DSFTDJUB P EFDSFTDJUB�

1FS GBS DBQJSF RVBOUP QV² FTTFSF EFMJDBUP GBSF TJNVMB[JPOJ OVNFSJDIF
EJ CVPO MJWFMMP WFEJBNP PSB DPTB TVDDFEF TF GBDDJBNP VOB QJDDPMB
NPEJ੗DB BM DPEJDF

XIJMF U � 5NBY�

� TUBWPMUB DBMDPMP M�BDDFMFSB[JPOF 13*." EJ
� BHHJPSOBSF MB QPTJ[JPOF

BY
BZ
B[ � BDD	Y
Z
[


Y � Y � 7Y�%5
Z � Z � 7Z�%5
[ � [ � 7[�%5

7Y � 7Y � BY�%5
7Z � 7Z � BZ�%5
7[ � 7[ � B[�%5

&Q � &QPU	Y
Z
[

&L � &LJO	7Y
7Z
7[

&UPU � &Q � &L

QSJOU	U
&L
&Q
&L�&Q


U � U � %5

-B NPEJ੗DB TFNCSB JOOPDVB� "MMB ੗OF JM UJNF�TUFQ ¨ NPMUP QJDDPMP
F OPO EPWSFCCF DBNCJBSF NPMUP TF DBMDPMP M۝BDDFMFSB[JPOF TVMMB QP�
TJ[JPOF B॒VBMF P TV RVFMMB HJ  BHHJPSOBUB� *OWFDF OPO ¨ DPT¬� 4F TJ
GB MB QSPWB TJ OPUB DPNF M۝PSCJUB OPO TJ DIJVEB QFSGF॒BNFOUF NFOUSF
M۝FOFSHJB MFOUBNFOUF BVNFOUB�
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4QJFHBSF JM QFSDI© BWWFOHB RVFTUP ¨ BM EJ GVPSJ EFMMP TDPQP EJ RVFTUF
MF[JPOJ� 4PMP QFS EBSF VO TVHHFSJNFOUP EJ MF॒VSB
 JM QSJNP TDIFNB
SJDIJBNB JM NFUPEP EJ JOUFHSB[JPOF EJ 7FSMFU � NFOUSF JM TFDPOEP ¨
JM QJ¹ TFNQMJDF NFUPEP EJ &VMFSP� -P TDIFNB EJ 7FSMFU WJFOF VTBUP
QSPQSJP OFMMF TJNVMB[JPOJ EJ TJTUFNB )BNJMUPOJBOJ
 PWWFSP EJ TJTUFNB
DPOTFSWBUJWJ DPNF RVFMMP JO FTBNF�

%۝PSB JO QPJ VUJMJ[[FSFNP JM NFUPEP B MB 7FSMFU QFS MF OPTUSB TJNV�
MB[JPOJ
 RVJOEJ BHHJPSOFSFNP QSJNB MB QPTJ[JPOJ F QPJ DBMDPMFSFNP
M۝BDDFMFSB[JPOF QFS BHHJPSOBSF MB WFMPDJU �

$POUSPMMJBNP PSB MB DPOTFSWB[JPOF EFM NPNFOUP BOHPMBSF� %BM QVO�
UP EJ WJTUB OVNFSJDP RVFTUB MFHHF EJ DPOTFSWB[JPOF ¨ NPMUP QJ¹ GBDJMF
EB P॒FOFSF
 UV॒BWJB JM DBMDPMP EFM NPNFOUP BOHPMBSF ¨ JTUSV॒JWP F
RVJOEJ QSPDFEFSFNP BMMB WFSJ੗DB� 1PJDI© BCCJBNP QPTUP MB QPTJ[JPOF
JOJ[JBMF F MB WFMPDJU  OFM QJBOP x−y M۝VOJDB DPNQPOFOUF EFM NPNFOUP
BOHPMBSF L⃗ EJWFSTB EB [FSP TBS  Lz � 6TJBNP MB TDSJ॒VSB DPO J WFSTPSJ
QFS DBMDPMBSMB SJDPSEBOEP DIF

x̂× ŷ = ẑ, ŷ × x̂ = −ẑ

x̂× x̂ = ŷ × ŷ = 0
P॒FOJBNP

1
m

L⃗ = r⃗ × V⃗ = (x̂x + ŷy)× (x̂Vx + ŷVy)

= ẑ(xVy − yvx).
&E FDDP EJ DPOTFHVFO[B JM DPEJDF QFS DBMDPMBSF Lz

� DBMDPMP EFMMB DPNQPOFOUF [ EFM NPNFOUP BOHPMBSF

EFG -@[U	Y
 Z
 7Y
 7Z
�
SFUVSO Y�7Z � Z�7Y

&۝ GBDJMF OPUBSF MBODJBOEP JM QSPHSBNNB DPNF RVFTUB HSBOEF[[B TJB
DPOTFSWBUB DPO VO۝P॒JNB QSFDJTJPOF�
�I॒QT���FO�XJLJQFEJB�PSH�XJLJ�7FSMFU@JOUFHSBUJPO
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-B TFSJF EJ FTQFSJNFOUJ DIF TJ QPTTPOP GBSF HJ  DPO RVFTUP DPEJDF ¨
MVOHIJTTJNB� 1FS PSB NPTUSJBNP DPTB TVDDFEF TF JODFNFOUJBNP MB
WFMPDJU  JOJ[JBMF EBM WBMPSF Vy = 2π BM WBMPSF 4π MBTDJBOEP UV॒P JM
SFTUP JOWBSJBUP�

-2

-1

 0

 1

 2

 3

 4

 5

 6
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'JHVSB ���� 0SCJUF P॒FOVUF NPEJ੗DBOEP MB WFMPDJU  JOJ[JBMF EB 2π B
3π�

1FS P॒FOFSF JO BVUPNBUJDP MF EJ੖FSFOUJ PSCJUF TJ QV² QSPDFEFSF
JO NPMUJ NPEJ� 1FS FTFNQJP CBTUB DJSDPOEBSF MB QBSUF EFM DPEJDF
DPOUFOFOUF MF DPOEJ[JPOJ JOJ[JBMJ F JM DJDMP TVM UFNQP DPO

� DJDMP GPS DPO MF EJWFSTF WFMPDJUB� JOJ[JBMJ

GPS LW JO SBOHF	��
��
�

� DPOEJ[JPOJ JOJ[JBMJ

5 � �
5NBY � �
%5 � �����

Y � �
Z � ��
[ � ��

77 � � � NBUI�QJ � LW ����

���� � RVJ WB UVUUP JM MPPQ TVM UFNQP
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6O SJTVMUBUP JOUFSFTTBOUF ¨ TJDVSBNFOUF JM DBMDPMP EFMMB WFMPDJU  EJ
GVHB� $PNF TBQQJBNP FTTB TJ DBMDPMB QPOFOEP VHVBMF B [FSP M۝FOFSHJB
UPUBMF 	TFNQSF QFS VOJU  EJ NBTTB

 RVJOEJ

1
2V 2 − GM

R
= 0⇒ V =

√

2GM

R
=
√

2V ∗

EPWF V ∗ ¨ MB WFMPDJU  EFMM۝PSCJUB DJSDPMBSF� %PWSFNNP RVJOEJ PTTFS�
WBSF DIF RVBOEP MB WFMPDJU  OFMMF OPTUSF VOJU  TVQFSB JM WBMPSF TP�
HMJB EJ 2

√
2π JM QJBOFUB OPO UPSOB QJ¹ JOEJFUSP TFHVFOEP VO۝PSCJUB

QBSBCPMJDB�

6OB QSPQSJFU  QJ¹ EJਖ਼DJMF EB WFSJ੗DBSF TBSFCCF MB WFSJ੗DB EFMMB UFS[B
MFHHF EJ ,FQMFSP OFM DBTP EJ PSCJUF FMMJ॒JDIF� 3JDPSEJBNP DIF MB UFS[B
MFHHF EJ ,FQMFSP EJDF DIF

T 2 ∝ a3

EPWF a ¨ JM TFNJBTTF NBHHJPSF EFMM۝PSCJUB� /FM DBTP EJ PSCJUF DJSDPMBSJ
MB EJNPTUSB[JPOF ¨ BMRVBOUP GBDJMF� %JWFSTP ¨ JM DBTP EJ PSCJUB FMMJ॒J�
DB� 4J QPTTPOP TFHVJSF EVF WJF
 JOUFHSBSF M۝FRVB[JPOF DPNQMFUBNFO�
UF DPNF GFDF /FXUPO EPQP FTTFSTJ JOWFOUBUP M۝BOBMJTJ JO੗OUFTJNBMF
PQQVSF SBHJPOBSF TVMMB DPTUBO[B EFMMB WFMPDJU  BSFBMF�

& OVNFSJDBNFOUF DPNF QPTTJBNP GBSF *M QFSJPEP F JM TFNJBTTF NBH�
HJPSF OPO TPOP EJ JNNFEJBUB EFUFSNJOB[JPOF
 QFS² QPTTJBNP GBSF VO
QBJP EJ DPOTJEFSB[JPOJ QSFMJNJOBSJ� 1SJNB EJ UV॒P TF QBSUJBNP DPO
MB WFMPDJU  QFSQFOEJDPMBSF BM WF॒PSF 4PMF�5FSSB DPO WFMPDJU  JOJ[JBMF
NBHHJPSF EJ V ∗ BWSFNP DIF M۝JTUBOUF t = 0 DPSSJTQPOEF BM QFSJFMJP

JTUBOUF EJ NJOJNB EJTUBO[B� -۝BGFMJP TBS  JM QSJNP QVOUP JODPOUSBUP
MVOHP M۝PSCJUB JO DVJ BWSFNP EJ OVPWP DIF r⃗ F V⃗ TPOP QFSQFOEJDPMBSJ�

&DDPDJ EJ OVPWP EBWBOUJ BE VO BMUSP QSPCMFNB DIF TQFTTP TQJB[[B
HMJ TUVEFOUJ OPO GBNJMJBSJ DPO J WF॒PSJ� $PNF TJ GB B DBQJSF TF EVF
WF॒PSJ TPOP QFSQFOEJDPMBSJ /PSNBMNFOUF VOP TUVEFOUF JOJ[JB B DFS�
DBSF JM NPEP EJ DBMDPMBSF M۝BOHPMP GSB J EVF WF॒PSJ DPO J TPMJUJ NFUPEJ

��
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DPNQMJDBUJ CBTBUJ TVMMF GVO[JPOJ HPOJPNFUSJDIF JOWFSTF RVBOEP JO�
WFDF D۝¨ VOB TDPSDJBUPJB GBDJMJTTJNB� JM QSPEP॒P TDBMBSF� 4BQQJBNP
DIF JM QSPEP॒P TDBMBSF GSB EVF WF॒PSJ ¨ OVMMP RVBOEP J EVF WF॒PSJ
TPOP QFSQFOEJDPMBSJ� 3JQFUFOEP MP TUFTTP SBHJPOBNFOUP GB॒P DPO JM
NPNFOUP BOHPMBSF F J WFSTPSF SJDPSEBOEP DIF

x̂ · x̂ = ŷ · ŷ = 1.

x̂ · ŷ = 0
BCCJBNP DIF

r⃗ · V⃗ = xVx + yVy + zVz.

3BHJPOBOEP TVM TJHOJ੗DBUP HFPNFUSJDP EFM QSPEP॒P TDBMBSF QPTTJB�
NP OPUBSF DIF

r⃗ · V⃗ > 0
RVBOEP MB 5FSSB TJ BMMPOUBOB EBM 4PMF
 NFOUSF

r⃗ · V⃗ < 0

MB 5FSSB TJ TUB BWWJDJOBOEP BM 4PMF� /VNFSJDBNFOUF ¨ JNQPTTJCJMF USP�
WBSF M۝JTUBOUF JO DVJ r⃗ · V⃗ = 0 QFS² QPTTJBNP SFHJTUSBSF MVOHP M۝PSCJUB
RVBOEP JM QSPEP॒P TDBMBSF DBNCJB TFHOP F NFNPSJ[[BSF JM UFNQP B
DVJ RVFTUP BWWJFOF� फ़FTUP UFNQP TBS  DPO P॒JNB BQQSPTTJNB[JPOF
MB NFU  EFM QFSJPEP EFMM۝PSCJUB� 1FS USPWBSF JM TFNJBTTF a CBTUB OPUB�
SF DPNF MB TPNNB EJ QFSJFMJP F BGFMJP TJB QBSJ B EVF WPMUF JM TFNJBTTF
NBHHJPSF a�

%PCCJBNP RVJOEJ BHHJVOHFSF OFM DJDMP TVM UFNQP MF TFHVFOUJ
JTUSV[JPOJ

� DBMDPMP EJ QFSJPEP F TFNJBTTF NBHHJPSF
� JOEJWJEVBOEP QFSJFMJP P BGFMJP

� DBMDPMP JM QSPEPUUP TDBMBSF GSB S F 7
QT � 7Y � Y � 7Z � Z � 7[ � [

� TF JM QSPEPUUP GSB QT F JM WFDDIJP QSPEPUUP
� TDBMBSF QTPME F� OFHBUJWP WVPM EJSF DIF TPOP
� EJTDPSEJ F JM QSPEPUUP TDBMBSF OFMM�JOUFSWBMMP
� %U F� TUBUP [FSP�
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V0 (u.a./anno) "GFMJP 	V�B�
 T 	BOOJ

���� ���� ����
���� ���� ����
���� ���� ����
���� ���� ����
���� ���� ����
���� ���� ����

5BCFMMB ���� 7FMPDJU  JOJ[JBMF V0
 "GFMJP 	JM 1FSJFMJP ¨ 1u.a. QFS DPNF ¨
F੖F॒VBUP JM DBMDPMP OVNFSJDP

 QFSJPEP T QFS MB WFSJ੗DB
EFMMB UFS[B MFHHF EJ ,FQMFSP�

JG QT�QTPME �� ��
QSJOU	�S � �
 NBUI�TRSU	Y�Y�Z�Z�[�[

 � U � �
 5


QTPME � QT

JM USVDDP F۝ DFSDBSF M۝JTUBOUF JO DVJ JM QSPEP॒P TDBMBSF NPMUJQMJDBUP QFS
JM QSPEP॒P TDBMBSF BM UFNQP QSFDFEFOUF ¨ OFHBUJWP P OVMMP� फ़FTUP
WVPM EJSF DIF JM QSPEP॒P TDBMBSF ¨ [FSP P ¨ TUBUP [FSP OFM UJNF�TUFQ
Dt� "MMB WBSJBCJMF psold WJFOF QPJ BTTFHOBUP
 EPQP MB DPOEJ[JPOF if 

JM WBMPSF ps BQQFOB DBMDPMBUP� psold WB JOJ[JBMJ[[BUP B [FSP QSJNB EFM
MPPQ TVM UFNQP�

/FMMB UBCFMMB ��� SJQPSUJBNP DPNF FTFNQJP J SJTVMUBUJ P॒FOVUJ
VUJMJ[[BOEP JM OPTUSP DPEJDF�

3JQPSUBOEP J SJTVMUBUJ JO ੗HVSB TJ WFEF DPNF M۝BDDPSEP DPO MB MFHHF
EJ ,FQMFSP

T ∝ a2/3

TJB P॒JNP� -B DPTUBOUF EJ QSPQPS[JPOBMJU  SJDBWBUP EB VO CFTU ੗U TVJ
EBUJ�
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T
 (

a
n
n
i)

a (u.a.)

Risultati numerici

T = a
2/3

'JHVSB ���� * EBUJ EFMMB 5BCFMMB ��� SJQPSUBUJ JO HSB੗DP DPO JM CFTU ੗U
	MJOFB DPOUJOVB
 DIF NPTUSB M۝P॒JNP BDDPSEP DPO MB MFHHF
UFS[B MFHHF EJ ,FQMFSP�

-B MJTUB EJ UV॒J J QPTTJCJMJ ۠FTQFSJNFOUJۡ F੖F॒VBCJMJ DPO RVFTUP DP�
EJDF ¨ EBWWFSP MVOHB
 F QSPCBCJMNFOUF NPMUJ OF WFSSBOOP JO NFOUF
BM MF॒PSF DVSJPTP� .J MJNJUP RVJ TPMBNFOUF B QSPQPSOF VOP B NJP
BWWJTP NPMUP JOUFSFTTBOUF�

-B QSJNB MFHHF EJ ,FQMFSP ¨ GPSTF MB QJ¹ TP॒PWBMVUBUB� %JDF DIF MF
PSCJF TPOP DPOJDIF
 RVJOEJ RVFMMF DIJVTF TPOP FMMJTTJ� 4FNCSB VO
SJTVMUBUP CBOBMF NB OPO MP ¨ B੖B॒P� %JSF DIF MF PSCJUF TPOP EFMMF
FMMJTTJ WVPM EJSF DIF MF PSCJUF TJ DIJVEPOP
 PWWFSP QBTTBOP TFNQSF TV�
HMJ TUFTTJ QVOUJ TFO[B SJFNQJSF UV॒B MB SFHJPOF EFM QJBOP DIF TBSFCCF
JOWFDF DPNQBUJCJMF QFS MB DPOTFSWB[JPOF EFMM۝FOFSHJB F EFM NPNFOUP
BOHPMBSF� .B QFSDI© RVFTUP TVDDFEF 

*O SFBMU  MB TQJFHB[JPOF SFBMF TUB OFM GB॒P DIF MB GPS[B EJ /FXUPO IB
VO BMUSB HSBOEF[[B DPOTFSWBUB
 JM WF॒PSF EJ -FO[ �� %JTDVUFSF RVFTUP
BTQF॒P ¨ PWWJBNFOUF BM EJ M  EFMMF OPTUSF JOUFO[JPOJ
 UV॒BWJB ¨ NPMUP
TFNQMJDF SFOEFSTJ DPOUP EJ RVBMF TJB M۝JOHSFEJFOUF GPOEBNFOUBMF QFS
MB DIJVTVSB EFMMF PSCJUF� &۝ M۝FTQPOFOUF � BM EFOPNJOBUPSF EFMMB GPS[B
�I॒QT���JU�XJLJQFEJB�PSH�XJLJ�7F॒PSF@EJ@-FO[
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EJ /FXUPO� 4F JOWFDF EJ BWFSF

F ∝ 1
r2

BWFTTJNP
F ∝ 1

rα

DPO α ≠ 2 PTTFSFSFNNP VO DPNQPSUBNFOUF PMUSFNPEP EJ੖FSFOUF�
$SFEP DIF PSNBJ B RVFTUP QVOUP JM MF॒PSF BCCJB HJ  BCCBOEPOBUP
RVFTUF QBHJOF F TUJB HJ  QSPWBOEP TVM DPEJDF�

#BTUB QPSSF OFMMB SPVUJOF EFMM۝BDDFMFSB[JPOF RVBMDPTB EJ RVFTUP UJQP
EFG BDD	Y
 Z
 [
�
�%FGJOJBNP M�"DDFMFSB[JPOF
S � NBUI�TRSU	Y�Y�Z�Z�[�[


S� � NBUI�QPX	S
���
 � VOB QPUFO[B EJWFSTB�

SFUVSO �HN�Y�S�
 �HN�Z�S�
�HN�[�S�

F WFEFSF DPTB TVDDFEF� $PNF TJ QV² BNNJSBSF
 MB USBJF॒PSB TQJSBMFH�
HJB SJFNQJFOEP VOJGPSNFNFOUF MB SFHJPOF EJ QJBOP DPNQBUJCJMF DPO
MF EVF MFHHJ EJ DPOTFSWB[JPOF� *M SBHHJPNJOJNP FNBTTJNP EFMMB DPSP�
OB DJSDPMBSF TJ QPTTPOP DBMDPMBSF TVQQPOFOEP DIF MB WFMPDJU  SBEJBMF
TJB OVMMB F JNQPTUBOEP M۝FRVB[JPOF EFMMB DPOTFSWB[JPOF EFMM۝FOFSHJB�

��� *M QSPCMFNB EFJ USF DPSQJ

*M QSPCMFNB EFJ USF DPSQJ BQSF VO NPOEP DPNQMFUBNFOUF EJWFSTP�
/PO FTJTUF TVMV[JPOF BOBMJUJDB JO RVFTUP DBTP
 B QBSUF DBTJ NPMUP
NPMUP QBSUJDPMBSJ� -۝VOJDB TPMV[JPOF BODIF QFS J ੗TJDJ DIF IBO�
OP DPNQMFUBUP JM DPSTP EJ TUVEJ VOJWFSTJUBSJP ¨ SJDPSSFSF BM DBMDPMP
OVNFSJDP�
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'JHVSB ���� 5SBJF॒PSJB P॒FOVUB QPOFOEP α = 2.2� /PUBSF DPNF M۝PS�
CJUB OPO TJ DIJVEF F SJFNQJF VOJGPSNFNFOUF VOB DPSPOB
DJSDPMBSF�

0WWJBNFOUF JO RVFM DBTP MP TJ GBS  DPO NBHHJPSF B॒FO[JPOF BHMJ
TDIFNJ EJ JOUFHSB[JPOF
 UV॒BWJB ¨ JOUFSFTTBOUF WFEFSF DPTB TJ QV²
P॒FOFSF DPO J OPTUSJ NF[[J�

1SJNB EJ UV॒P
 F EBM QVOUP EJ WJTUB EJEB॒JDP GPSTF ¨ MB DPTB QJ¹ JNQPS�
UBOUF
 CJTPHOB TDSJWFSF JM DPEJDF� /FMMP TQJSJUP EJ NBOUFSF MF DPTF BC�
CBTUBO[B TFNQMJDJ QPTTJBNP TVQQPSF DIF VOB NBTTB DFOUSBMF NPMUP
HSBOEF TJ USPWJ GFSNB OFMM۝PSJHJOF NFOUSF BMUSF EVF NBTTF QJ¹ QJDDP�
MF TJ NVPWPOP OFM QJBOP TVCFOEP M۝B॒SB[JPF TJB EFMMB NBTTB DFOUSBMF
DIF EFMMB QJ¹ QJDDPMB DIF TJ NVPWF�

*M QVOUP EJ QBSUFO[B ¨ M۝FRVB[JPOF SJDBWBUB OFMMB TF[JPOF QSFDFEFOUF

F⃗G = −GMm

|r⃗12|2 r̂12.

%F੗OJBNP J WF॒PSJ QPTJ[JPOF EFMMF EVF NBTTF NPCJMJ m1 F m2

r⃗1 = (x1, y1, z1),

r⃗2 = (x2, y2, z2),

��
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F TDSJWJBNP MB QSPDFEVSB DIF DBMDPMB MB GPS[B 	OPO M۝BDDFMFSB[JPOF
RVFTUB WPMUB
 DIF m2 TVCJTDF B DBVTB EJ m1

HN � � � NBUI�QJ � NBUI�QJ
N� � ����
N� � ����

EFG '��	Y�
Z�
[�
 Y�
Z�
[�

�

� $BMDPMP JM WFUUPSF EJGGFSFO[B EB � �� �

EY � Y� � Y�
EZ � Z� � Z�
E[ � [� � [�

S�� � NBUI�TRSU	 EY�EY � EZ�EZ � E[�E[ 


S���DVC � S���S���S��

� DPTJ� PUUFOHP MB GPS[B DIF N� TFOUB EB QBSUF EJ N�

(N�N� � HN � N� � N�

SFUVSO �(N�N� � EY � S���DVC
 �(N�N� � EZ � S���DVC
=
�(N�N� � E[ � S���DVC

7B OPUBUP DPNF
 OFMMF VOJU  EB OPJ TDFMUF
 m1 F m2 TPOP JM SBQQPSUP
GSB MB SFBMF NBTTB EFJ EVF ۠TBUFMMJUJۡ F MB NBTTB DFOUSBMF�

3JDPSEBOEPDJ DIF
 HSB[JF BM UFS[P QSJODJQJP EFMMB EJOBNJDB TJ IB
F⃗12 = −F⃗21

F DIF
 JOWFDF
 HSB[JF BM TFDPOEP QSJODJQJP
m2a⃗12 = −m1F⃗21.

फ़JOEJ QPUSFNP TDSJWFSF TFNQMJDFNFOUF

a⃗12 = 1
m2

F⃗12

F
a⃗21 = − 1

m1
F⃗12.

-B QBSUF QSJODJQBMF EFM DPEJDF EJWFSS  RVJOEJ

��



�� ࡠ࡝ࡠࡥ࡚ࡡࡒ$ � ࡝࡚ ࡠࡥࡠ࡞ ࡚ࡖࡕ ࡚ࡥࡖ࡟ࡒ࡚ࡡ

� DPOEJ[JPOJ JOJ[JBMJ

5 � �
5NBY � ��
%5 � �����

Y� � �� Z� � ��� [� � ��
Y� � ��� Z� � ��� [� � ��

7�Y � �� 7�Z � � � NBUI�QJ� 7�[ � ��
7�Y � �� 7�Z � ������ � NBUI�QJ� 7�[ � ��

��������������������

� -PPQ TVM UFNQP

L � �

XIJMF 5 � 5NBY�

Y� � Y� � 7�Y�%5� Z� � Z� � 7�Z�%5� [� � [� � 7�[�%5
Y� � Y� � 7�Y�%5� Z� � Z� � 7�Z�%5� [� � [� � 7�[�%5

B�Y
B�Z
B�[ � BDD	Y�
Z�
[�

B�Y
B�Z
B�[ � BDD	Y�
Z�
[�


G��Y
 G��Z
 G��[ � '��	Y�
Z�
[�
 Y�
Z�
[�


B�Y � B�Y � G��Y � N�� B�Z � B�Z � G��Z � N�� B�[ � B�[ �
G��[ � N�

B�Y � B�Y � G��Y � N�� B�Z � B�Z � G��Z � N�� B�[ � B�[ �
G��[ � N�

7�Y � 7�Y � B�Y�%5� 7�Z � 7�Z � B�Z�%5� 7�[ � 7�[ � B�[�%5
7�Y � 7�Y � B�Y�%5� 7�Z � 7�Z � B�Z�%5� 7�[ � 7�[ � B�[�%5

5 � 5 � %5

JG L�� �� ��
8JO�QMPU	Y�
Z�
�XIJUF�

8JO�QMPU	Y�
Z�
�SFE�


L � L � �

4F HJ  DPO EVF DPSQJ HMJ FTQFSJNFOUJ QPTTJCJMF FSBOP UBOUJ DPO USF OPO
D۝¨ QSBUJDBNFOUF NPEP EJ FMFODBSMJ UV॒J� फ़J OF QSPQPOVBNP EVF
TVQQPOFOEP DIF MB GBOUBTJB EFM MF॒PSF QPUS  BHHJVOHFSOF 	F QFSDI©
OP
 TVHHFSJSF BMM۝BVUPSF
 UBOUJ BMUSJ�
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*M QSJNP FTFNQJP QSPQPTUP EFSJWB EBMMB MF॒VSB EJ VO CFMMJTTJNP RVB�
EFSOP EF -F 4DJFO[F EFJ QSJNJ BOOJ ۝�� EFEJDBUP BMMF NJTTJPOJ 7PZB�
HFS� -F EVF TPOEF 	DIF TPOP BODPSB GVO[JPOBOUJ�
 GPUPHSBGBSPOP QFS
MB QSJNB WPMUB HMJ BOFMMJ TJ 4BUVSOP EBNPMUP WJDJOP OPUBOEP VOB TUSVU�
UVSB B NJDSPTPMDP DPO [POF EFHMJ BOFMMJ QSJWJ EJ NJDSP�TBUFMMJUJ� फ़F�
TUF [POF TJ TDPQS¬ DIF FSBOP DPSSJTQPOEFOUJ BMMF PSCJUF EJ TBUFMMJUJ VO
QP۝ QJ¹ HSBOEJ EFHMJ BMUSJ DIF TQB[[BWBOP WJB HMJ BMUSJ NJDSP�TBUFMMJUJ�
फ़FTUP F੖F॒P
 BE VO OFP੗UB RVBMF JP FSP BJ UFNQJ
 SJTVMU² BMRVBOUP
TPSQSFOEFOUF� "E VOB QSJNB BOBMJTJ TFNCSFSFCCF DIF EVF TBUFMMJUJ
JO PSCJUF DJSDPMBSJ B DBVTB EFMM۝B॒SB[JPOF SFDJQSPDB TJBOP QPSUBUJ BE
BWWJDJOBSTJ� .B RVFTUP ¨ GBMTP� -۝JOUFSB[JPOF ¨ QJ¹ DPNQMFTTB F BW�
WJFOF DPO J EVF DPSQJ B WFMPDJU  EJWFSTF� फ़FMMP DIF TVDDFEF ¨ NPMUP
TJNJMF BMM۝F੖F॒P ੗POEB
 NFDDBOJTNP VUJMJ[[BUP QSPQSJP EBMMF TPOEF
7PZBHFS QFS SBHHJVOHFSF J DPO੗OJ EFM TJTUFNB TPMBSF�
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/FMMB TFDPOEB ੗HVSB JM SVPMP EFMMF EVF NBTTF ¨ TDBNCJBUP
TFNQMJDFNFOUF QPOFOEP
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'JHVSB ���� 5SBJF॒PSJF P॒FOVUF QPOFOEP MB NBTTB QJ¹ HSBOEF QSJNB
BMM۝JOUFSOP F QPJ BMM۝FTUFSOP� *O FOUSBNCJ J DBTJ TJ OPUB DP�
NF MB NBTTB QJ¹ QJDDPMB TJ BMMPOUBOB EB RVFMMB QJ¹ HSBOEF�

1BTTJBNP PSB BM TFDPOEP FTQFSJNFOUP� 7FEJBNP EJ TJNVMBSF JM TJTUF�
NB 4PMF�5FSSB�-VOB� /PO ¨ VO FTFSDJ[JP DPT¬ CBOBMF QPJDI© EPCCJB�
NP JOTFSJSF MF DPOEJ[JPOJ JOJ[JBMJ DPSSF॒F� 1SJNB EJ UV॒P MF NBTTF�
m1 F m2 TBSBOOP J SBQQPSUJ GSB MF NBTTF EJ 5FSSB F -VOB F RVFMMB EFM
TPMF
 PWWFSP

m1 =
M!

M"
≃ 3.0 · 10−6

F
m2 =

M#

M"
≃ 3.7 · 10−8.

1FS RVBOUP SJHVBSEB MF QPTJ[JPOJ
 MB EJTUBO[B NFEJB 5FSSB�-VOB R2 ¨

R2 = 2.574 · 10−3 u.a.

1FS MB WFMPDJU  JOJ[JBMF CJTPHOB TUBSF B॒FOUJ� 4VQQPOJBNP QFS TFN�
QMJDJU  DIF MB -VOB PSCJUJ JOUPSOP BMMB 5FSSB DIF TUB GFSNB 	JM SBQQPSUP
EFMMB NBTTF OPO ¨ DPT¬ TCJMBODJBUP DPNF OFM DBTP 5FSSB�4PMF
 RVFTUP
QVOUP BOESFCCF EJTDVTTP NFHMJP QFS VO DBMDPMP QJ¹ QSFDJTP
� *M QF�
SJPEP EFMMB -VOB ¨ EJ �� HJPSOJ
 RVJOEJ JO BOOJ BWSFNP DIF MB WFMPDJU 
TBS 

V# = 2π
R2
T
≃ 2πR2

28
365 ≃ 0.21 u.a./anno.

फ़FTUB QFS² ¨ MB WFMPDJU  SJTQF॒P BMMB 5FSSB� 1FS P॒FOFSF RVFMMB SJ�
TQF॒P BM 4PMF EPCCJBNP BHHJVOHFSF B RVFTUP WBMPSF MB WFMPDJU  PSCJ�
UBMF EFMMB 5FSSB SJTQF॒P BM 4PMF� *M OPTUSP DPEJDF RVJOEJ EPWS  DPOUFSF
MF TFHVFOUJ SJHIF
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/PO ¨ GBDJMF HSB੗DBSF JO NBOJFSB DIJBSB MF EVF PSCJUF B DBVTB EFMMB
OPUFWPMF TQPSQPS[JPOF GSB J EVF SBHHJ PSCJUBMJ
 NPTUSJBNP RVJ VO JO�
HSBOEJNFOUP EFMMF PSCJUF� 6OB DPTB JOUFSFTTBOUF DIF TJ QV² OPUBSF ¨
DIF MB -VOB
 SJTQF॒P BM 4PMF
 OPO F੖F॒VB NBJ NPUP SFUSPHSBEP NB
TJ NVPWF TFNQSF OFMMP TUFTTP WFSTP 	BOUJPSBSJP WJTUP EBM QPMP /PSE

EFMMB 5FSSB�

1FS JM MF॒PSF QJ¹ DVSJPTP TJ QPUSFCCF QPJ QFOTBSF EJ TJNVMBSF JM DPN�
QPSUBNFOUP EJ VOB QJDDPMB NBTTB OFJ QVOUJ EJ -BHSBOHF EFMMB 5FSSB�
* QVOUJ EJ -BHSBOHF � TPOP RVFJ QVOUJ JO DVJ EVF DPSQJ EPUBUJ EJ HSBO�
EF NBTTB
 USBNJUF M۝JOUFSB[JPOF EFMMB SJTQF॒JWB GPS[B HSBWJUB[JPOBMF

DPOTFOUPOP B VO UFS[P DPSQP
 EPUBUP EJ NBTTB NPMUP JOGFSJPSF
 EJ
NBOUFOFSF VOB QPTJ[JPOF TUBCJMF SFMBUJWBNFOUF BE FTTJ� "॒SBWFSTP
JM OPTUSP DPEJDF ¨ QVSF QPTTJCJMF PTTFSWBSF RVBMJ QVOUJ TPOP TUBCJMJ
F RVBMJ OP TFNQMJDFNFOUF GBDFOEP QBSUJSF MB NBTTB QJDDPMB JO VOB
QPTJ[JPOF MFHHFSNFOUF EJWFSTB EBJ QVOUJ EJ -BHSBOHF�

�I॒QT���JU�XJLJQFEJB�PSH�XJLJ�1VOUJ@EJ@-BHSBOHF
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